Abstract. Let G be a locally compact abelian topological group. For locally bounded measurable functions ϕ : G → C we discuss notions of spectra for ϕ relative to subalgebras of L 1 (G). In particular we study polynomials on G and determine their spectra. We also characterize the primary ideals of certain Beurling algebras L 1 w (Z) on the group of integers Z. This allows us to classify those elements of L 1 w (G) that have finite spectrum. If ϕ is a uniformly continuous function whose differences are bounded, there is a Beurling algebra naturally associated with ϕ. We give a condition on the spectrum of ϕ relative to this algebra which ensures that ϕ is bounded. Finally we give spectral conditions on a bounded function on R that ensure that its indefinite integral is bounded.
Abstract. Let G be a locally compact abelian topological group. For locally bounded measurable functions ϕ : G → C we discuss notions of spectra for ϕ relative to subalgebras of L 1 (G). In particular we study polynomials on G and determine their spectra. We also characterize the primary ideals of certain Beurling algebras L 1 w (Z) on the group of integers Z. This allows us to classify those elements of L 1 w (G) that have finite spectrum. If ϕ is a uniformly continuous function whose differences are bounded, there is a Beurling algebra naturally associated with ϕ. We give a condition on the spectrum of ϕ relative to this algebra which ensures that ϕ is bounded. Finally we give spectral conditions on a bounded function on R that ensure that its indefinite integral is bounded. §1. Introduction, notation and preliminaries Throughout this paper G will denote a locally compact abelian group equipped with Haar measure. We consider certain unbounded functions ϕ : G → C and discuss various notions of spectrum for ϕ. Our aim is to deduce properties of ϕ from a knowledge of its spectrum and conversely.
Firstly, the spaces L p (G) with corresponding norms . p are defined as usual using the Haar measure (see [20] ). We will always identify functions on G which agree almost everywhere (see [14, p. 36] ). In particular, L 1 (G) is a Banach algebra under the convolution product and carries an involution defined by
By L ∞ loc (G) we mean the space of functions ϕ :
for every compact set K ⊂ G, χ K denoting the characteristic function of K.
The action of the dual group G on G will be denoted γ(x) = (x, γ) where x ∈ G, γ ∈ G and the Fourier transform of f ∈ L 1 (G) is defined byf (γ) = G f (x)(−x, γ) dx for γ ∈ G. Unless otherwise stated, the group operation on G will be addition and on G multiplication. The unit in G is thenê. The translate ϕ y and difference ∆ y ϕ by y ∈ G of a function ϕ : G → C are defined by (1.2) ϕ y (x) = ϕ(x + y) and ∆ y ϕ(x) = ϕ(x + y) − ϕ(x) for x ∈ G.
In what follows, F will denote a dense subalgebra of L 1 (G) satisfying (1.3) F is translation invariant, (1.4) F is closed under pointwise multiplication by characters γ ∈ G, (1.5) for each γ ∈ G, the ideal of F defined by I(γ, F ) = {f ∈ F :f (γ) = 0} is dense in the maximal ideal of L 1 (G) defined by I(γ) = {f ∈ L 1 (G) :f (γ) = 0}.
For f ∈ F and ϕ ∈ L ∞ loc (G) we will say that the convolution f * * ϕ is welldefined if f y ϕ and f ϕ y ∈ L 1 (G) for almost every y ∈ G. Then f
If ϕ ∈ L ∞ loc (G) and f * * ϕ is well-defined for all f ∈ F then I F (ϕ) = {f ∈ F : f * * ϕ = 0} is an ideal of the algebra F . We define the spectrum of ϕ relative to F to be the set
As each such functionf is continuous on G, sp F (ϕ) is a closed subset of G.
The paper is written in five sections. In section 2, we firstly give the basic properties of the general spectrum sp F (ϕ). Secondly, we deal with a large class of examples, namely the Beurling algebras
w(x)dx is a weighted Haar measure on G. These algebras were introduced by
Beurling [2] for the case G = R and studied in the general case by Domar [5] .
Finally, we consider a smaller dense subalgebra of L 1 (G), namely F = C c (G) the space of continuous complex valued functions on G with compact support. We give a new definition of polynomials on G, in section 3, and prove the equivalence of our definition with one of Domar [5] . If ϕ = γp where γ ∈ G and p is a polynomial on G, we show that sp c (ϕ) = {γ}. In section 4 we again consider spectra with respect to Beurling algebras, but with additional conditions on the weights w. In particular enables us to characterize those ϕ ∈ L ∞ w (G) for which sp w (ϕ) is finite. They are precisely the generalized trigonometric polynomials ϕ = n k=1 γ k p k where γ k ∈ G and p k is a polynomial in L ∞ w (G). In section 5 we consider uniformly continuous functions ϕ : G → C whose differences ∆ y ϕ, y ∈ G, are all bounded. Such functions have a corresponding weight function w ϕ with which we may define a spectrum sp w ϕ (ϕ).
Before ending this introduction, we make a few historical comments on spectra.
For ϕ ∈ L ∞ (R), Beurling introduced in [3] and [4] the spectral set
where [ϕ] w * is the weak-star closure of the smallest translation invariant subspace of
The approach of Godement was pursued by Kaplansky [11] to find the elements of L ∞ (G) whose spectrum is a singleton, and by Helson [ 10] to give a new proof of Kaplansky's result. Domar [5, ch.1] introduced an abstract setting for the definition of spectra, using a class of Banach algebras F more general than Beurling algebras. However, for a given ϕ ∈ L ∞ loc (G), the problem of finding an algebra F for which sp F (ϕ) is defined was not discussed. §2. Spectra relative to subalgebras
In this section we establish the main properties of the spectra sp
We also give examples of such subalgebras. For F = L 1 (G), most parts of the following theorem can be found scattered in the literature ( [5] , [6] , [19] , [20] ). We include them here for reference purposes.
Theorem 2.1. Let F and F 1 be dense subalgebras of
Let ϕ, ψ ∈ L ∞ loc (G) and suppose f * * ϕ and f * * ψ are well-defined for each f ∈ F .
(f ) sp F (ϕ) = {ê} if ϕ is a non-zero constant, and sp
Proof. Since I F (ϕ y ) = I F (kϕ) = I F (ϕ) for y ∈ G and k = 0, (a) and (b) follow.
for all z ∈ G, and γ =ê. Then there
which implies γ ∈ sp F (ϕ). This proves (e).
For (f), let ϕ be constant and f ∈ F . Then f * * ϕ = ϕf (ê). So, if ϕ = 0 then I F (ϕ) = I(ê, F ), which by condition (1.5) is dense in I(ê). Hence sp F (ϕ) = hull I F (ϕ) = hull I(ê) = {ê}, the last equality by Wiener's tauberian theorem
We conclude that sp
Finally, I F 1 (ϕ) ⊂ I F (ϕ) from which we get (g).
Following Reiter [19,p.83] we call a function w ∈ L ∞ loc (G) a weight function on G if (2.1) w(x) ≥ 1 for all x ∈ G, and (2.2) w(x + y) ≤ w(x)w(y) for all x, y ∈ G.
Given a weight on G we define
w(x) < ∞}. As noted by Reiter [19,p .84] we may assume that w is upper semicontinuous, and
If in addition w is bounded, so that F = L 1 (G), we will write
An important additional condition satisfied by some weights is the following con-
Proposition 2.3. Let w be a weight function on G satisfying the condition (2.8) The following example shows that the last conclusion in Proposition 2.3 is false without the Beurling-Domar condition.
Example 2.4. Define a symmetric weight function w on the discrete group of
w (Z) and f * * ϕ = 0, and
Remarks 2.5.
(a) Let w 1 and w 2 be two weight functions on G satisfying the condition (2.8). If
. Indeed, w = w 1 w 2 is also a weight function on G satisfying the (2.8). Since w 1 ≤ w and w 2 ≤ w it follows from [19,
and so sp w (ϕ) = sp(ϕ).
Now we relate spectra relative to Beurling algebras with supports of Schwartz distributions. Let S(R n ) be the Schwartz space of rapidly decreasing infinitely
. As is customary, we identify R n with R n so that R n becomes an additive group with unit 0.
Proposition 2.6. Let w be a weight function on R n satisfying the Beurling-Domar condition (2.8) and suppose
By Proposition 2.3 there exists f ∈ I w (ϕ) such thatf = 1 on a neighbourhood W of λ 0 and suppf ⊂ V . Let g ∈ S(R n ) with supp g ⊂ W . We show T ϕ (g) = 0.
Conversely, suppose λ 0 ∈ supp T ϕ . Let V be a neighbourhood of λ 0 with V ∩ supp T ϕ = ∅ and let g ∈ S(R n ) with supp g ⊂ V and
we prove
Proof. Consider the tempered distributions T ϕ and T P ϕ . We have
Applying Proposition 2.6, we get the required result.
Thirdly, we discuss spectra relative to the algebra F = C c (G) and make comparisons with the spectra determined by Beurling algebras.
is well-defined and continuous for all f ∈ F and we will write (2.10) I c (ϕ) = I F (ϕ) and sp c (ϕ) = sp F (ϕ).
Proof. By theorem 2.1(g) we have sp(ϕ) ⊂ sp c (ϕ). Conversely, if γ ∈ G \ sp(ϕ)
then there exists f ∈ I(ϕ) withf (γ) = 0. Let g = f * γ so that g ∈ C c (G) and
with sp c (ϕ) neither discrete nor G.
Example 2.10. Let G = Z × K where K is a compact abelian group. Define
Then sp c (ϕ) = sp c (η) × sp(ψ). In particular, we may choose η and ψ so that sp c (η) = Z and sp(ψ) = K
As an application of results in this section we prove two lemmas needed in section 3. Firstly, we define another indefinite integral Kf , this time for f ∈ C c (R), by
Lemma 2.11. Let f ∈ C c (R), and let the derivativesf
Proof. From the assumptions,f (λ) = λ n g(λ) for λ ∈ R, where g is entire and g(0) = 0. Now (Kf ) ′ = f and so ( Kf )(λ) = −iλ n−1 g(λ). Sincef (0) = 0 we get Kf ∈ C c (R). Arguing the same way, we obtain
where p is a non-zero polynomial and
Proof. By theorem 2.1(d), 0 ∈ sp c (γ
λ ϕ) where f = 0. So 0 is a and g (n) = f . Hence g ∈ I c (γ
showing that p is a polynomial of degree at most n. Setting h = γ λ g we obtain h and x, y ∈ G.
.., t n , y 1 , ..., y n ) = Φ(t 1 y 1 , ..., t n y n ), where t j ∈ Z + and y j ∈ G.
If ∆ y,j denotes difference by y in position j only, then ∆ y j ,j Φ(t 1 y 1 , ..., t n y n ) = ∆ 1,j Ψ(t 1 , ..., t n , y 1 , ..., y n ).
Recall that a function ϕ ∈ C(G) is a polynomial of degree n in the sense of Domar if ϕ(x + ty) is a polynomial in t ∈ Z + of degree at most n for each x, y ∈ G and of degree n for some x, y ∈ G.
Proposition 3.3. For a function ϕ ∈ C(G) the following are equivalent:
(c) ϕ(x + ty) is a polynomial in t ∈ Z + of degree at most n for all x, y ∈ G.
+ of degree at most n for all x, y 1 , ..., y k ∈ G, and k > 0.
Proof. That 
is a polynomial in each t j of degree at most n. So ψ is a polynomial in t of degree at most kn. Hence (c) ϕ is a polynomial of degree n in the sense of Domar.
+ of degree at most n for all x, y 1 , ..., y k ∈ G, k > 0 and of degree n for some x, y 1 , ..., y k ∈ G, k > 0.
Proof. Given (d), we have Proposition 3.3 (c).
Moreover we can choose x, y 1 , ..., y k such that ϕ(x + t 1 y 1 + ...
So ϕ(x + t 1 y 1 + ... + t k y k ) = |α|≤n a α t α , where a α ∈ C, and |α|=n a α t α is not identically zero. Choose t so that |α|=n a α t α = 0 and set y = t 1 y 1 +...+t k y k . Then
such that ϕ(x+ty) is of degree n in t ∈ Z + . So ϕ(x+ty) = n j=0 a j t j where a j ∈ C, a n = 0. By Proposition 3.2, ∆ We turn now to the investigation of spectra of polynomials. As an application of the above corollary we show Theorem 3.8. Let w be a weight function on R and let
Proof. By theorem 2.1(g) we have sp w (ϕ) ⊂ sp c (ϕ). Conversely, let λ ∈ sp c (ϕ). If λ ∈ sp w (ϕ) then there exists g ∈ I w (ϕ) such thatĝ(λ) = 0. By lemma 2.12 there exists h ∈ C c (R) such that h * * ϕ = γ λ p, where p is a non-zero polynomial. Now
The following example shows that for the conclusion of theorem 3.8 it is not enough to know that sp w (ϕ) is discrete.
Example 3.9. Consider the function ϕ on R given by ϕ(t) =
Then ϕ is almost periodic and it is known ( [15] or [12,V.5] ) that sp(ϕ) = {n 1/2 : n ∈ N }. We prove that sp c (ϕ) = R. Indeed, sp(ϕ) ⊂ sp c (ϕ) and if sp c (ϕ) = R then by Proposition 2.9,
As this is false, sp c (ϕ) = R. §4. Primary ideals and functions with finite spectrum
In this section we study Beurling algebras L 
In this case, {f : f ∈ L 1 w (Z)} is a subalgebra of C N (T ), the algebra of continuous functions on T = R/2πZ whose derivatives up to order N are also continuous on T .
We then define Proof. Let e m (n) = δ m,n denote the Kronecker function, where m, n ∈ Z. Then e 1 and e −1 generate the algebra L 1 w (Z), andê 1 (t) = e it andê −1 (t) = e −it for t ∈ T .
Moreover, e 
By a theorem of Gelfand [8] or [16, p.209 m f thenĝ(t) = (e itm − 1) k+1f (t). Hence g ∈ I k as claimed. . We may therefore assume ϕ ∈ C(G). Now suppose sp w (ϕ) = {ê}. For y ∈ G, let H y be the subgroup generated by y and let K y be its closure. Let w y be the restriction of w to K y and ϕ
and by a theorem of Reiter (see [18] or [19, p.144 then ϕ is a polynomial of degree at most N. Applying these results to ψ, defined by ψ(z) = ϕ(x + z) for x, z ∈ G, and noting that sp w (ψ) = sp w (ϕ) we conclude that ϕ(x + my) is a polynomial in m ∈ Z + of degree at most N for each x, y ∈ G. So ϕ is a polynomial of degree at most N. For the general case, sp w (ϕ) = {γ 1 , ..., γ n }, choose a neighbourhood V of {ê} in G and functions
f k . Butf = 1 on a neighbourhood of sp w (ϕ) and so, again by Proposition 2.3, f * * ϕ = ϕ. §5. Uniformly continuous functions with bounded differences Let C u (G) be the space of uniformly continuous complex valued functions on G.
consisting of functions ϕ ∈ C u (G) satisfying
We notice that if G is connected then by a theorem of Pontrjagin (see [17, p.377] or [19, p.97 
where K is compact and connected and n ≥ 0. It follows
In this section we study the spectra of functions ϕ ∈ C ud (G). To do this we construct associated Beurling algebras. Indeed, 80adefine w ϕ : G → C by
Proposition 5.1. If ϕ ∈ C ud (G) then w ϕ is a uniformly continuous weight function on G satisfying the condition
and |α(y 1 + y 2 ) − α(y 2 )| ≤ α(y 1 ) for y, y 1 , y 2 ∈ G. It follows that α and w ϕ are uniformly continuous on G, and that w ϕ is a weight function. Moreover, for n ∈ Z and y ∈ G, w ϕ (my) = 1 + α(my) ≤ 1 + |m|α(y), from which (5.3) follows. Finally,
We remark that condition (5.3) implies condition (4.1) with N=1. This in turn implies the Beurling-Domar condition (2.8). In the following we extend a result proved by Basit [1] for the case G = R.
Theorem 5.2. If ϕ ∈ C ud (G) andê ∈ sp w ϕ (ϕ) then ϕ is bounded.
Proof. Let V be a compact neighbourhood ofê such that V ∩ sp w ϕ (ϕ) = ∅. By So sp w ϕ (f * * ϕ) = ∅ and hence f * * ϕ = 0. Hence ϕ(t) = ϕ(t) − f * * ϕ(t) = G [ϕ(t) − ϕ(t − s)]f * (s) ds and |ϕ(t)| ≤ 2 G w ϕ (s)|f * (s)| ds = 2 f 1,w ϕ , for t ∈ G.
So ϕ is bounded.
We return now to the consideration of indefinite integrals P ϕ of functions ϕ ∈ Theorem 5.3. If ϕ ∈ L ∞ (R n ), 0 ∈ sp(ϕ) and P ϕ ∈ C u (R n ) then P ϕ is bounded.
Proof. If w(x 1 , ..., x n ) = 1 + |x 1 | then w is a weight on R n satisfying (2.8) and sp w (h * * P ϕ) ⊂ {0} and h * * ϕ = 0. This implies that h * * P ϕ is infinitely differentiable. By assumption P ϕ is uniformly continuous, hence h * * P ϕ = 0 is also uniformly continuous. Since ∂ ∂x 1 h * * P ϕ = 0, h * * P ϕ(x 1 , x 2 , · · · , x n ) = ψ(x 2 , · · · , x n ).
. This implies that sup x∈R n |ψ(x 2 , · · · , x n )| ≤ sup x∈R n |ψ(x 2 ,··· ,x n )| 1+|x 1 | < ∞ showing that ψ is bounded. Set η = ϕ − ψ. Let
w (R n ) such that suppĝ ⊂ W andĝ(0) = 0. We have g * * η = 0. Hence 0 ∈ sp w (η) so by Theorem 5.2, η is bounded. Hence P ϕ = η + ψ is bounded.
Corollary 5.4. If ϕ ∈ L ∞ (R) and 0 ∈ sp(ϕ) then P ϕ is bounded.
Proof. Since |P ϕ(x)−P ϕ(y)| ≤ ||ϕ|| ∞ |x−y|, P ϕ ∈ C u (R) and the corollary follows from the theorem.
Remarks 5.5.
(a) Let ϕ(x) = xe ix and w(x) = 1+|x| for x ∈ R. By corollary 3.7 sp w (ϕ) = {1}.
So 0 ∈ sp w (ϕ) yet ϕ is unbounded. Hence a condition like ϕ ∈ C ud (G) is necessary in theorem 5.2.
(b) Let ϕ(x, y) = e iy for (x, y) ∈ R 2 . Then sp(ϕ) = {(0, 1)}. So (0, 0) ∈ sp(ϕ) yet P ϕ(x, y) = xe iy is unbounded. Hence a condition like P ϕ ∈ C u (R) is necessary in theorem 5.3. If ψ is uniformly continuous on R × R n−1 , bounded on 0 × R n−1 and if supp ∂ψ ∂ψ
